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Techniques for applying differential carrier-phase global positioning systems to satellite formation clusters with
large (approximately 100 km or more) baselines are described. Because satellites in the cluster may move relative to
each other, it is imperative that the carrier-phase ambiguities be resolved quickly and accurately. We propose a
transformation of the m-vector carrier-phase measurement equations that restricts the geometric nonlinearities to a
one-dimensional subspace and an almost universal linearization of the position state and integer ambiguities in the
remaining m — 1 dimensional subspace. We then show that all of the measurement equations can be processed with
an unscented Kalman filter to quickly compute very accurate floating-point valued estimates of the system state and
error covariance. By an integer-preserving transformation found in the least-squares ambiguity decorrelation
adjustment method, the number of possible hypotheses for the double-differenced wide-lane ambiguity candidates
can be reduced. For the hypotheses set applying a multiple hypothesis Wald sequential probability test, using a
specially conditioned form of the transformed global positioning system measurements, quickly and almost
optimally determines the correct value of the carrier-phase double-differenced ambiguity. Once the double-
differenced wide-lane ambiguities are obtained, the L; double-differenced ambiguities are resolved by using L, and
L, carrier-phase measurements based on wide-lane integers in the unscented Kalman filter, then using the least-
squares ambiguity decorrelation adjustment method for determining the hypotheses, followed by the multiple
hypothesis Wald sequential probability test for resolving the L, double-differenced ambiguities. Finally, using the L,
carrier-phase measurements, the unscented Kalman filter produces the relative position estimates. These techniques
are then demonstrated on a simulation of a formation of two satellites in low Earth orbits.
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Nomenclature
c = speed of light in a vacuum
I,., = then xnidentity matrix
m = number of global positioning system satellites
_ mutually observed by both stations
N,('.')Lk = integer ambiguity of station j and global positioning
) system satellite i for frequency L, =L, L,
NRVL = integer ambiguity of station j and global positioning
_ system satellite i for wide-lane combination
ng-') = measurement noise associated with [)5’)
S = inertial position of global positioning system satellite i
X = inertial position of measurement station 1, expressed
as the vector [x; vy, z]7
X, = inertial position of measurement station 2, expressed
as the vector [x, v, 2|7
ANY = integer ambiguity corresponding to A(ﬁ(i)
At = clock bias between station 1 and global positioning
system time
At, = clock bias between station 2 and global positioning

system time
x = differential position x, — x,
Aq’)(’) = measured differential carrier phase for the ith global
positioning system satellite

n(-’:) = measurement noise associated with &;i)
71(1'2) = measurement noise of the carrier-phase differential
. measurement 7\ — "

[);') = measured carrier phase between station j = 1, 2 and

» global positioning system satellite i

q}j’) = measured carrier phase between station j = 1, 2 and
global positioning system satellite i

Xa = Il —Ilxl?+ (cAn)? — (cAn)?

Xj = ||x_,-||2 - (CAtj)z

I. Introduction

ORMATION flight of satellite clusters has been proposed

recently for large-aperture imaging and other applications [1].
The control systems for these clusters would require accurate
estimates of the relative positions between the cluster elements.
Because the carrier-phase differential global positioning system
(GPS) has been used in terrestrial applications to generate very
accurate relative position estimates, it is a natural candidate for
satellite cluster instrumentation.

Space is an ideal environment for operating differential GPS
because a large source of error in terrestrial applications (the
difference in the atmospheric conditions above each receiver) is
much reduced. There has also been great success in determining the
orbits of real-world satellite missions such as TOPEX/POSEIDON,
JASON-1, CHAMP, and GRACE using a combination of
measurements from onboard GPS receivers and transmissions
between GPS ground stations at surveyed locations and the orbiting
receivers [2-4]. However, tracking differential positions of
maneuvering satellite constellations using only onboard GPS
receivers and communication between satellites in the formation
presents additional problems. In addition to relying on processed
GPS measurements from multiple ground stations, conventional
GPS precise orbit determination methods are based on smoothing
GPS measurements over very long periods. But a formation of
satellites may need to maneuver over a short period of time (for
instance, to create a new distributed aperture), rapidly changing the
orbits of the satellites in the formation.

Autonomous formation flight of spacecraft using GPS
instrumentation has been a topic of much interest recently, with
researchers reporting accuracies as high as 1.5 mm in relative
position during real-time simulations over 4 km baselines [5]. A
literature search of six of these claimed successes, reported in [5],
revealed that they had all been for baselines of at most 12 km.
However, results for a baseline of 200 km using differential carrier-
phase GPS measurements and checked with K-band ranging system
observations has been reported using level 1 B GRACE GPS
observation data [2]. Our results, although simulated, are used to

demonstrate the performance of our transformed differential carrier-
phase measurements as a possible alternative to the classical
linearization approach.

Building upon the estimation techniques that were developed for
solving the transformed GPS measurement equations for a single
station [6—11], techniques have recently been developed to estimate
relative position using transformed differential GPS measurement
equations [12]. These transformed GPS measurement equations are
obtained by squaring and algebraic manipulations to produce an m
set of GPS measurements that can be further decomposed into an
m — 1 universal linear set of measurements and a scalar nonlinear
measurement. To extend this approach of constructing universal
linear measurements from GPS code measurements to the more
accurate carrier-phase measurements requires some nontrivial work.
The main contribution of this paper is the derivation of the
transformed GPS measurements that include carrier-phase GPS
measurements and the validation of their performance in a
representative numerical simulation.

The paper is organized as follows: In Sec. 11, the main error sources
associated with GPS measurements taken by receivers in orbit are
discussed. Section III derives the transformed GPS measurement
equations for both differential carrier-phase measurements and for
absolute measurements between the GPS satellites and the individual
receivers. A method for generating floating-point valued estimates of
the unknown number of carrier-phase cycles between two receivers
with an unscented Kalman filter is discussed in Sec. IV. Note that
special emphasis is placed here on quickly generating these
estimates, while simultaneously generating estimates of the variance
of the estimation error that closely reflect the actual error variance. In
Sec. V, an algorithm for resolving first the carrier-phase double-
difference wide-lane ambiguities and then the L; ambiguities to
integer values with a multiple-hypothesis Wald sequential
probability test (for ease of presentation, we will subsequently refer
to this test simply as the Wald test) is presented. In Sec. VI, the results
of the unscented Kalman filter (UKF) estimation procedure for
determining very accurate estimates of the relative position between
two receivers using double-differenced L, carrier-phase measure-
ments is given for a simulation of two receivers in low Earth orbit that
are separated by over 100 km. Section VII concludes the paper.

II. Error Sources in GPS Orbital Measurements

To use carrier-phase differential GPS measurements for orbital
applications, one must carefully consider the possible contributions
of several sources to errors in these measurements. The largest
measurement errors found in any GPS measurements are contributed
by tropospheric delays, ionospheric effects, ephemeris errors,
multipath errors, and by the nonlinear relationship between the user
positions and the differential carrier-phase measurements.

Delays caused by propagation of GPS signals through the Earth’s
troposphere present a particularly difficult problem. The water vapor
and dry gases present in the troposphere act to delay signals that
travel through the atmosphere close to the Earth [13]. Because of
their uniform distribution, the dry constituents of the troposphere
affect signal propagation in a predictable way. GPS users at altitudes
higher than about 12 km need only consider the well-modeled effects
of the dry components of the troposphere. This paper focuses on
space applications, in large part, for this reason. Ionospheric
refraction can alter the path of the GPS signals significantly as the
signals travel from the transmitting satellites to the users [14-16].
Although a large portion of the ionospheric distortion occurs below
low Earth orbit (LEO), a still-significant ionospheric delay exists at
LEO altitudes. Unfortunately, the best way of mitigating ionospheric
effects in GPS requires expensive dual-frequency GPS receivers to
estimate or remove first-order ionospheric effects. As a compromise
between accuracy and price, we will assume that the receivers used
can process coarse/acquisition (C/A) code measurements, as well as
both L and L, carrier phases (which allows easier integer ambiguity
resolution via wide-lane carrier-phase processing). Such receivers
are commercially available and are fairly inexpensive, although not
as inexpensive as single-frequency receivers. When using these
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receivers, some ionospheric distortion must be accepted as unknown
biases to the GPS signals, although this effect will not be as strong as
the one experienced by Earthbound GPS users.

Differential errors in the GPS broadcast ephemerides can become
significant as the baselines between GPS receivers become larger.
However, using global precise ephemeris services, such as NASA’s
Global Differential GPS System which, in operation since 2000, can
substantially improve the accuracy of the GPS ephemerides (to the
decimeter level).2 We assume that our users would subscribe to such
a service.

Reflected signals result in multipath error in both code and carrier
measurement, even after differencing operation. Multipath has been
recognized as a significant factor among other error sources. The
strategy to avoid severe multipath error has been introduced. By
using proper antenna and adopting cutoff angle or narrow band
correlator, the effect of multipath reflection could be mitigated [17].
We assume that multipath delay in measurements is modeled as
white Gaussian distribution.

Finally, recall that the GPS measurement equations have a
semihyperbolic structure [6-9,12]. For a single GPS user, the user
position can be determined by repeated linearization of the
measurement equations [7,8]. However, especially in cases where
the user position is in orbit, repeated linearization methods can
converge to an incorrect solution. We will therefore base our solution
method on the measurement equations found in [12] so that their
semihyperbolic structure will be taken into proper account.

III. Measurement Equations

To determine the integer ambiguities, we must first make floating-
point valued estimates of the system state, including the carrier-phase
ambiguities. Once floating-point estimates of sufficient quality are
made (as described in Sec. IV), a set of integer-valued candidate
hypotheses for the ambiguities can be created. We can then analyze
this set of candidate hypotheses with statistical tests to determine the
most probable value of the carrier-phase ambiguity. As an initializing
Wald test ambiguity searching algorithm, an efficient method of
setting searching space is essential for ambiguity problems. Several
methods have been developed for reducing the size of the set of
candidates that must be considered [18-20]. The least-squares
ambiguity decorrelation adjustment (LAMBDA) method is widely
used as an ambiguity searching method for its effective aspect of
setting searching space. In this paper, as an attempt to reduce the
number of test candidates, we will take advantage of only the
decorrelation technique, an integer-preserving transformation on the
error variance of integer ambiguities to reduce the number of
hypotheses, introduced in [18], instead of using the whole LAMBDA
procedure. The Wald test is then used to determine the correct integer
ambiguities [21].

A. Absolute Pseudorange Measurements

We begin by examining the GPS measurement equation for
receiver j corresponding to the ith GPS satellite:

ﬁ;” =||S® —x; + ctCPS — ct; + n(') (1)
where ¢; is the clock bias at receiver j, and 19%S is the clock bias

between the GPS constellation and the master clock. An equivalent
form of Eq. (1) is obtained from the direct method [10]:

=28 x; + ;425 ety — (1) + 25"

—2ncar; = (")~ ISV @

where x; £ lx;11* — (cAt;)*. Note that because the elements of the
GPS satellite clock offset can be computed, we will write the clock

***Broadcast Ephemeris & Almanac” [retrieved 06 July 2006], http://
www.gdgps.net/products/broadcast-ephemeris.html.

bias pat’[icular toreceiver j and all members of the GPS constellation
as cAt; = 2 ofOPS — ct;.

The advantage of the direct method is its rate of convergence to a
position estimate. It is shown that the iterative least-square method
converges to solution from the center of the Earth with more iteration
steps than the iterative direct method [10]. Another benefit is that the
initial guessing for an algorithm is not necessary. In case of a
semihyperbolic constellation of four satellites, an initial guess not
close enough to a solution may not guarantee the correct solution [7].
We can now assemble a vector equation by applying Eq. (2) to the
measurements from every satellite that is mutually observed by the
two receivers [12]:

H,x;+H cAt; + G, + R, + ;R,=R,; ()

where
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—(SmT ~(m)
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aj —
—m\2 : .
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G,;= dlag{Zp(”, 2/3.(/.2), - 2,5('")}
Al m @ m T ©)
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| —(n(-l))2 2nWeAr
A 1 A —(n(z))2 2P At

R,2|.[. R, ;% g s (6)

B. Differential Carrier-Phase Measurements

To create the wide-lane precise differential measurements §p(*),
we use L, and L, differential carrier-phase measurements given as

7 (i) (i) i (i
I B0, = v, + N, ) = 189 x| + ebr; + 0,

i=1,2,...,m,

@)
j=12, k=1,2

where A, are the L, and L, wavelengths, and for every receiver j, a
measurement qgj’)Lk at Ly, k=1, 2 frequency of the difference
between the phase at the ith GPS satellite vehicle transmitter and the
receiver j is made. Note that every carrier-phase measurement ¢~)§’)Lk
at receiver j is biased by 1//5-’:)“, the phase of the local oscillator that
generates the carrier-phase replica signal for the carrier-phase

tracking loop. In addition to ¢(') - wy)Lk an unknown number of

full carrier cycles N;f)Lk lie between the transmitter and receiver. From
L, and L, measurements, every wide lane observable between the
receivers and the transmitters is given by

)\WL(QS;I:{VL - w;’{VL + N%VL) = ||S(i) - xj” + C(Stj + ’7$[{VL
i=1,2,...,m,

3
ji=12

where
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< () S0 5 50
NjwL=Njr, =Nji,  $jw =91, — 91,

AA i i i
)‘WL = 1_2 w;.iNL = ‘//;_)L, - WLZ
Ay — 4y

() (i)
o _ )‘anle - Al'l,ILﬂ

TIj,WL - )"l)\lz

and nﬁ-f{VL is the measurement noise associated with (]EE'{,\,L in distance
units.

We will also assume that the GPS receivers are constructed so that
all of the tracking loops at receiver Jj are in phase with a single carrier-
phase replicasignal ¢; ;, (i.e., 1//] 1, = ®j.,» Yi). This design practice
is fairly common for precision GPS receivers. We will make no
corrections for the local oscillator phase bias in the carrier-phase
signals, because, as we will show in Sec. V, the carrier-phase
measurements can be double differenced by an annihilating
projector.

When we take the difference between the wide-lane carrier-phase

measurements Awy (B3 — 2w + N3 hwi) and A (¢ — 1w+
N (I’WL) we create a differential measurement

N (i (i =i
5K’()=)¥WL( é.)WL—¢§,)WL ¢2WL+¢’1WL+N2WL N(l.)WL)

= [SD — x| = 8D — x,[| + cAty — Aty — %1 + NS

©

To simplify our notation, let us define AN® £ (N(i) -N §'WL)

A¢(i) = (¢(2’,)WL - ¢(ll,)WL)’ b1z = b2 wL — ¢1.wr, and '712 = (U;[)WL_
n(l’_)WL). In the sequel, we will condense our notation by dropping the A
notation from the carrier-phase differential measurements, and the
reader should assume from this point forward that any carrier-phase
measurements and any integer ambiguities that we discuss are
differential ones. Then, the differential measurement associated with
the ith satellite is

8P =A@ — 1y + ND) = [SD — x| — [S? —x, ]|
+ At 4+ 1) (10)

Note that because every phase measurement made at receiver j
contains the oscillator phase bias ¢;, every differential measurement
contains the common-mode bias ¢,.

Following the procedures in [12], we showed the relationship
between the code differential measurement §5” and the L, code

measurement ,5(,i) with regard to Ax.

2xTS® — 2xISW — 250 c Ay + 23 + 8pD)c AL, — xTx,

+x5x, + (cAn)? = (cAn)® + 25" n) + 2650
— ZCAtzn(') (n(,';) + 2n(,') [8,5(” + cAt; — cAt, — 775’2)]

=258 + (8p)? (1)

This relationship is true for the code measurement and the differential
wide-lane observables introduced in Eq. (10), as well. The only
difference is that 775'2) is the wide-lane carrier-phase noise and ng') is
the same L, code noise nﬁi) in [12]. Note that differential ambiguity
N is included in 87\ implicitly.

In an analogous way, we can also develop a relationship between
the differential carrier-phase measurement §p), the absolute code

measurement ,0(2'), and the states x,, X,, cAt;, cAt,, and N©:

—2xTSO 4 2xTSO 4 2(p) — §pNe At — 25 cAt, + xTx,
(cAn)* + (cAn)* =251 + 26p7n()
+ 2cAt1n(') (71(1’2)>

= —258p + (8p")? (12)

T
— XXy —

20y [5/3(0 + cAt; — cAt, — 775’2)]

Note that Egs. (11) and (12) are forced by a common noise term n(’)

Note that when we add Eqgs. (11) and (12) to each other and divide
the result by two, the resulting measurement equation has no terms in
the states x; and x,:

(= + 3 — 859 )ean + (5 + 850 — ) cr,
+ (A" =3 + 2850 )il + (et — cany — (n)’
+ [5,50‘) + Aty — cAty — n(lz)] (”5[) _ n(zi))
= (A~ 2+ 8737 (13)

When we subtract (12) from (11) and divide the result by two, we
have the measurement equation

26180 — 24780 + (=" — 5 + 857 ) e,

+ (bf) +8p9 + f)g))cAh —xTx; +x5x, + (cAty)?

= (e + (A + 5 )1 = (cAn + cAn)n)

+ [8,5(” +cAty = cAt, — 77(1’2)] (nﬁ” + n<21>)

= (B + 2) 85 (14)

We will use this differential measurement equation in the sequel as
the basis for constructing floating-point estimates of Ax that are
precise enough to reduce the integer ambiguity candidates to a
manageable number for integer resolution.

Assembling Eq. (14) for each mutually observed GPS satellite
results in the vector measurement equation

Hpx) + Hygox, + Hyg Aty + Hypc Aty + xRy

+ dend + Rcds = Radx (15)
where
(807 (s
(87 (s
H dsxl é : ’ Hclxe é . (16)
(S()'n))T _(S(m))T
=P, = Py + 65"
H, éz p() p()+8p(2)
s1 —

0+ 8
P+ ) + 80

~(2) ~(2) ~(2)
A Py + Py +68p
HdsZ =2 .

an

P+ 5+ 8p

G o & ding] (5 + 7). (3 + 32).....

)

18)

RO 2 (cA1, + cAn)n) + [85“’ + cAt; — cAt, — n&'z)]

X (ngf’ + ) (19)
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Na &M , R 4 2 R,Cd ) Rys = :
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(51" +A")ap @0

~(2) ~(2)\¢~(2
+70) 85
R, N (/01 Py )op

(1 + 55 )5
A
Xa= X2 = Xi 21

C. Simplifying Assumption
Remark: Equations (3) and (15) can be simplified by examining
the relative scale of the terms in their expressions [10,12]. For

receivers in Earth orbit, typical values for these terms are
IS = 107 m,

A ~107m,  cAt;~10°m

() @)

n’ ~m, M5 ~ .1 m, 0<|Ax| <10° m

llx;]l ~ 107 m, 0<8p"V <10° m
Neglecting terms smaller than 107 m?> in Eq. (3) reduces the
measurement equation to

Similarly, if we neglect terms smaller than 10° m? in Eq. (15), the
differential measurement equation reduces to

Hypx) + Hygax, + Hyg Aty + Hypc Aty + Gyeny
+ XaRpas = Rags (23)

The state and the integer ambiguities are linear in Eq. (23) if it is
assumed that 5\ + 5\ > §p® [which is linear in the unknown
integer ambiguities, Eq. (10)], e.g.,

hul
%510_2 i=1,....,m
—p1 t P
except for the nonlinear term y ;R ;. Either §5) can be neglected or
replaced by p{ — p\.

This approach to the universal linearization of the GPS
measurements should be contrasted with the linearization for the
single difference of Eq. (9) used in [2]. The geometric ranges of each
satellite in Eq. (9) are linearized about the absolute position for each
satellite. By subtraction, these linearizations are converted to a linear
equation composed of the unit line-of-sight vector at satellite 2, times
the perturbation along the relative distance plus the difference in the
unit line-of-sight vectors at satellite 1 and satellite 2, times the
absolute perturbation of the position at satellite 1. If the satellites are
close, then the difference in the unit vectors are near zero. If not, the
quality of the error in knowing the absolute position needs to be
assessed. In [2], the absolute positions of the satellites are very well
known.

IV. Filtering Techniques

To generate a candidate set of integer ambiguities, we will first
construct a floating-point valued estimate of the carrier-phase
ambiguity vector and of its error covariance. Many integer resolution
methods have been developed that attempt to efficiently determine
the hypothesis set, although none of them have been proven to have
optimal efficiency [18-20]. For our tests, we will use the LAMBDA

method because it is widely known, with many existing toolkit and
library implementations [18]. However, we only use the integer-
preserving transformation of the LAMBDA method on the error
variance of the integer ambiguities to reduce the number of
hypotheses. Thereafter, the Wald test is applied as a sequential
nonlinear filter.

In this section, we will develop an estimation filter that quickly
yields estimates of sufficient accuracy to generate appropriately sized
hypothesis sets that are likely to contain the true value of the integer
ambiguity. We will begin the discussion of our estimation filter with
a description of the nonlinear dynamic model that it uses. The filter
uses the transformed GPS measurements with their universal linear
properties.

A. Dynamic model

Our dynamic model of the two-satellite system assumes that both
satellites are in elliptical orbits, that the carrier-phase ambiguities are
constant over the duration of the filtering process, and that the bias
terms {cAt;(#)} of each receiver have second-order dynamics. The
state vector for the jth satellite is then taken as

xsta[ej(t)
é[)Cj(t) yi() z;(t) cAti () x;(1) y;(t) z;(1) CAfj(f)]T

The dynamic model of each satellite in the two-satellite system is
given by the differential equations that describe a satellite motion in
an orbit and the second-order differential equation that describes
each clock bias. To account for uncertainties present in the system,
we introduce process noise terms to the dynamics, generating the
nonlinear stochastic differential equations

dx; (1) = x;(¢) dt, dy;(1) = y;(1) dt, dz; (1) = z;(») dt
d(cAt;)(1) = cAt;(1) dr + dw;, (1)

o px(D)
dx; (1) = — I dr + dw (1)
0] S 2410)
dy; () = — =10 di +dwj () dz(n) = 20 dr + dw: (1)

deAt;(1) = dw 4, (1)
(24)

where p is the Earth’s gravitational constant, rj(t)é
VHO? 3,07 + 202 and w0, w0, w0, w0,
W4 (1) represent random disturbances. Note that j £Gm £» where
G is the universal gravitation constant and m is the mass of the
Earth. Although p can be measured directly, m; must be inferred
from p. It will be convenient in the sequel to write the preceding
stochastic differential equations in a vector form:

dxstate,-[tv w](t)] = Fsat(tv xstalej) dt + dw](t) (25)

where F,(t, xsmej) is a vector function that describes the dynamics
of the elements of x,[?, W;(¢)] and w; (?) 2 [0 wi(t) wi(D)
wjy'([)wjz'(t)ijz(t)]T-

The carrier-phase ambiguities plus the common-mode phase bias

(NO(1) — ¢y} e {ND(£)} are assumed to remain constant during
the initial filtering stage, and so they are each governed by the
differential equation

v (D)
N _
dr

We will assume that every estimated ambiguity in the filter still has
uncertainty, therefore, assume that every ambiguity state is corrupted
by a small amount of noise. The associated noise variances are tuning
parameters that keep the filter open. Then each ambiguity state is
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governed by the stochastic differential equation dN®(f)=
dwye (1), where dwge (f) represents the artificially introduced
process noise corresponding to N (7).
We can define the ambiguity state vector as
N e EINO@) NO(0) N @]
The vector Ny, is then governed by the vector stochastic differential
equation

d Nslate (t) = dwN(t) (26)

where dw 5 (7) £ [dwyn (1) dwgze(f) dw e (¢) ]. Note that
if a cycle slip were to occur during the initial filtering stage, the
estimation process would be disrupted. Hence, it is very important to
resolve the integer ambiguities quickly to minimize the probability
that a cycle slip will occur in this critical phase.

We may therefore write the governing stochastic differential
equation for the two-satellite system as

dxslate = dF(ta xstate) + dw (t) (27)
where
A xstatc] ([) A Fsat (t’ xstale])
xslale(l) = x_St'dlCz (t) ’ F([’xslate) = Fsat(t’xslaleg)
Nslale (t) mx1

Al WM (®

w(t) = | wy()

wy (1)

Because GPS measurements occur at discrete-time intervals,
estimation of the states of the two-satellite system requires a discrete-
time process model. To generate such a discrete-time model, the
process noises are approximated by their integrated values over each
GPS epoch, and the equations of motion are numerically integrated
over one GPS epoch without noise inputs. The discrete-time process
model is then

x (k)statc ~ F[k - lvxstale(k - 1)] + Fd(k - l)W(k - 1) (29)

where F[k - 1axstale(k - 1)] é tlj(l;(il)r F(tv xstate) dt’ W(k - 1)é
t’j(ljf_m w(?), and I';(k— 1) is obtained by linearizing Eq. (27)
about x(k — 1), and propagating the linearized equation until
t = kt, with w(r) held constant at w(k — 1).
Using this dynamic model, we will now construct a filter that
quickly generates an accurate floating-point valued estimate of the
carrier-phase ambiguities and its error covariance.

B. Accurate Nonlinear Filters

Finding an accurate floating-point estimate of the carrier-phase
ambiguities and determining the error covariance of this estimate are
vital in creating a candidate set that contains the true integer
ambiguity and that is sufficiently small. Although the equation
describing the system dynamics [Eq. (29)] are nonlinear, the
measurement Eqs. (22) and (23) are each linear in the state and
integer ambiguities in an m — 1 dimensional subspace, but the
remaining scalar measurement is nonlinear. In attempting to find
information relating to the initial carrier-phase ambiguities, we must
estimate the entire state space. Our filter design task therefore
consists of constructing a filter that can accurately estimate both the
first and the second moments of a stochastic process, while
simultaneously attempting to reduce the chance of a cycle slip
occurring during the estimation process by using as few samples as
possible.

Historically, the extended Kalman filter (EKF) has been used for
finding floating-point estimates of the carrier-phase ambiguities
[16,22,23]. Some aspects of the EKF are problematic. It may diverge
and, even when it converges to an accurate value of the mean, it will
often generate very poor estimates of the error covariance.

There are several other nonlinear filters that would appear to be
better choices than the EKF. A list of possible alternatives to the EKF
includes the UKF, the Gauss—Hermite filter, the central difference
filter (CDF), and various types of particle filters [24—26]. All of these
filters, as well as the EKF, assume that the random variables involved
are Bayesian.

Each type of filter attempts to recursively create an estimate X (k)

of the current state from the measurement sequence Y. =S
{y(1),y(2),...,y(k)} and the previous state estimate X (k — 1) [and
the estimated properties of the error associated with X(k — 1)], given
the dynamic system equation

x (k) =Flx(k—1),wk—1)],  y(k) =Hx(k),v(k)] (30)
where F and H are known (nonlinear or linear) functions of the state
x and the random processes w and v. Note that this implies that we
wish to construct p[x(k)|y,.;], the probability density function (PDF)
or x(k) given the measurement sequence up to the present time. To
accomplish this, each method first seeks to propagate the previous
conditional PDF forward in time using the dynamic model and the
Chapman—Kolmogorov equation. Then, Bayes’ rule can be invoked
to incorporate the information in the new measurement y(k),
allowing the construction of the conditional probability p[x(k)|y,.;]-
The particle filter, Gauss—Hermite filter, CDF, and UKF differ in the
assumptions made about the statistical properties of the noises and in
how the sample points that are used to construct sample statistics are
chosen. The number of computations required for running a particle
filter is much higher than the number required in the other filters. The
exponential relationship to state size makes the Gauss—Hermite filter
too expensive for our tastes.

Note that when certain assumptions are made about the character
of the noises, the UKF and the CDF will create identical estimates.
Despite the slight performance advantage of the CDF, we decided to
implement our filter as a UKF, because the UKF has a little more
flexibility; it relaxes the assumption of a Gaussian distribution and
allows for nonadditive noises. Parameters of a UKF can be chosen to
capture features of non-Gaussian distributions such as the ones found
in Eq. (19) (the skew can be matched and the errors of higher-order
moments can be chosen to minimize a quadratic cost function [27]).
Another reason that we chose to implement our filter as a UKF is that
there is a well-documented square-root implementation of the UKF
that can speed up the filtering calculations [28].

This algorithm can be altered slightly to create a square-root
version of the UKF [28]. To simplify the discussion, we do not
include the square-root algorithm here. However, we recommend
that the UKF be implemented with the square-root algorithm in
practice, because it enhances the numerical stability and increases the
speed of the algorithm.

C. Unscented Kalman Filter Implementation

A floating-point estimate of the state vector x,, suitable for our
purposes can be constructed from the two code measurement
Eqgs. (22), the differential carrier-phase measurement Eq. (23), and
the process Eq. (29) using a UKF procedure. For our particular
filtering problem, we will assume that the measurement and process
noise sequences are zero-mean, Gauss-normal, random variables that
are independent in time and uncorrelated with each other. The UKF
procedure that we implement for our experiments is the square-root
filter described in [28].

We note that a UKF that estimates over the same state space as the
one that we have described could be implemented using the
measurement Eqs. (1) and (8) instead of the transformed
measurement equations. Although this approach has been used
successfully [2], the properties of filter convergence using linearized
measurements are not well established. In the extreme case, due to
poor initialization, such a filter could potentially converge to an
erroneous solution, for the same reasons that calculating initial
position by repeated linearizations can fail [7,8]. The combination of
the transformed measurements and the UKF appear to produce good
estimates of the state and integer ambiguities as well as the error
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variance of the state and integer ambiguities. Note that in [2],
smoothing is used to enhance the estimates of the state and integer
ambiguities as well as the error variance of the state and integer
ambiguities, which is an offline procedure.

V. Integer Ambiguity Resolution

Although the measurement stations collect differential carrier-
phase measurements {(}E(i)} (note that these terms include the number
of full cycles that pass through the receivers’ phase lock loops after
they are initialized), the number of full wavelengths between the
stations at the beginning of the measurement sequence (the integer
ambiguities {N"}) are needed to create the differential carrier-phase
measurements 550 = A(¢"” — ¢, + N), where A is the wave-
length of the GPS carrier signal and ¢;, is the unknown receiver
phase difference. To resolve the L, frequency ambiguity involves an
enormous number of hypotheses that comprise the search space. To
reduce the number of hypotheses, we combine the L, and L,
frequencies to produce the wide-lane integer ambiguities. After we
ensure the integrity of resolved wide-lane integer ambiguity, the L,
integer ambiguities are resolved to obtain a more accurate
measurement.

Over short baselines, we can take advantage of the linear structure
of the corresponding measurement equations and use statistical
testing techniques to resolve the integer ambiguities [21]. To adapt
this scheme to longer baselines, we shall take advantage of the
special structure of our m transformed measurement equations to
transform them into (m — 1) linear equations and a single nonlinear
one [12]. We will then operate on the resulting linear equations by
additional projections to determine residuals that will be used to
determine the carrier-phase integer ambiguities.

First, the double-difference wide-lane integer ambiguities,
denoted by the m vector N where the elements of N are
NOENOD _ N =123, ... m, are resolved. Note that the
first element of N is zero. However, the ambiguities, which are
estimated by UKF, are not integer valued. The estimates of N (f)
include the common-mode phase bias. Only the estimate of ¢ Az, (or,
alternatively, the estimate of cAt,;) will be affected by substituting
NO + N9 i=1,2,3,..., mfor N where the float value of NV is
used. In doing this, we will lose the ability to estimate cAt,
independently of N and ¢, (or alternatively, we can make a good
estimate of Ax while only knowing N, but lose the ability to estimate
cAt, independently of N and d1r.

The residuals used in the Wald test which resolves the double-
difference ambiguities N are now constructed. We begin by
rewriting measurement Eqgs. (1) and (10) as

i) A ~(i
25— (et - cr)) 31)

p 2 89 — (cAty — cAn) = )\(Qg(i) — ¢t N(i))
— (cAty — cAry) (32)

Substituting Egs. (31) and (32), following the procedures in [12],
gives

2780 — 268D — xT, + xlx, + (pﬂi) + péi))n(liz)
+ [800 =0 @] (n? + 1) = (5 + )8 (33)
For m satellites, the vector form of Eq. (33) is given as
H ;. Ax + xR,0Gny + Ry = Ry (€2
where

A

H, 2-H,,  x=-xlx +xlx, (35)

G =2 diag{(pﬁ” + o). (7 4 67 (7 + 7)) G6)

R, 2 [5/)(” — nﬂ?] (nﬁ” + né”) 37
50
50@

R,2G| . (38)
5

Following the simplifying assumption in Sec. III, because the
order of 5V 4+ 5@ is 107 m and the error of estimated cAt,, from
UKEF is less than 10° m, oV + 5@ is dominant and G~ can be
approximated by G!. Therefore, multiply Eq. (34) by the matrix
G! to obtain

where §p = A(¢ + N) + Ry [A(p1, + NV) + cAt;,] and
F+N=[6" +0,§? + NO, ... " 4 N

A projector E is constructed such that ER;,;,; = 0 and eliminates
the term R, [A (¢, + N) + ¢Ar,,] in §p. Note that the projector
E induces double differences in the integers. Essentially, the
projection forms the double-difference effects by subtracting the
single difference measurements from each other. A second projector
E, is constructed such that E;EG;/R,,, =0 and eliminates the
nonlinearity. Clearly, to a large degree, the construction of these
projectors and the order they are applied are arbitrary. Applying these
projectors, Eq. (39) becomes

E ,EG,'H, Ax + E,En, = E,E[$ + N] (40)

If the term involving Ax is annihilated by the projector E; as
E,E,EG;'H,,, = 0, the residual for the Wald test becomes

A -
T carrier, — EnE Eng = E4E E[¢ + N (41)

where the subscript j in the vector Tearrier; € R™=3 refers to the jth
hypotheses. Furthermore, this residual has uncertainty at the level of
the carrier-phase noise. However, to enhance performance of the
Wald test, additional double-difference residuals are constructed as

Feode, = MV + N)) — VAj] € R 42)

where V¢ is double-difference phase measurements, VA p is double-
difference code measurements, and N ; is an m—1 vector
representing all the elements of N; but the first. This residual, reoge
has uncertainty at the level of code noise.
Algorithm (Wald test):
1. Choose a threshold value T for the probability that a particular
setof integers is the correct one. This is the stopping criterion for
the test.

2. Generate floating-point valued estimates of {N”} as {N (')}
using the techniques discussed in Sec. IV.

3. Choose a collection of sets of possible hypotheses that differ by
integer values from each other and that are near to the floating-
point estimates. Using, for instance, an integer-preserving
transformation from the LAMBDA method [18], a set of
hypotheses are generated from the mean and covariance of
{]\—](1) _ ]\—](1)}.

4. At each time step k, construct the residual process for each
hypothesis set j under consideration.
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1. From Eqgs. (41) and (42), we create a random vector

r.o= |:rcarrier]:|
J Teode j
with a known probability density function (PDF) f;(-) that is
independent of the states Ax, cAt,, and cAt,. Note that if we
assume that the uncertainty in r; is a normally distributed
random vector, then each f/[r; (k)] corresponds to a Gaussian
PDF with a different mean.

5. For each set hypothesis j under consideration, define F';(k) as
the probability that hypothesis set j is the correct one, given the
time history of the residuals {r;(k)} from time one through time
k.

6. Set each of the initial values {F;(0)} to the equiprobable
distribution F';(0) = 1/n, where n is the number of hypothesis
sets under consideration

7. Asin [21,29], update {F;(k)} using the probability update rule

F_/(k) 'fj[rj(k +1)]
o Fi(k) - filr(k + 1)]

Update {F;(k)} using this formula until one of {F;(k)} exceeds
the threshold 7, then stop and declare the corresponding
hypothesis set to be the correct one.

Note that for any given probability of the chosen hypothesis being
correct, a value for T can be found that ensures that the declared
hypothesis is correct with that probability. If the algorithm is allowed
in principle to continue indefinitely, the Wald test minimizes the
expected number of steps before a hypothesis choice is announced
[29.301.

Once the wide-lane ambiguity is resolved, float L; frequency
ambiguity N, is estimated from the simple relationship N,,=
N, — Ny.. It follows that

Fik+1)=

NL, = ()"1¢Zl - Az‘iz + )‘2NWL)/(_)‘I + }\2) 43)

Note that the L, ambiguities in Eq. (43) are not integers due to the
uncommon errors in phase measurements. Therefore, to find the
integer values of L, ambiguities, the N, hypotheses are resolved in
the Wald test using the residual defined as

r2 Nier, — ()\1‘2’1 - )\2¢~72 + LNy )/ (= +4y) (44)

where Ny, is the kth L, hypotheses.

VI. Experiments
A. Simulation

The basis for our experiments was a sequence of simulated GPS
satellite positions and a sequence of simulated positions
corresponding to two satellites trailing each other in the same
LEO, beginning 1.1270 x 10° m apart. The trajectories of the GPS
satellites were calculated from the International Global Navigation
Satellite System (GNSS) Service products of 1 March 2000.5
Simulated trajectories of the LEO satellites were generated by
integrating the satellite orbit equations using a Cowell method. The
LEO orbital equations included a gravitational model that used the
zonal harmonics J, and J3, and the 3 x 3 nonzonal harmonics listed
in Table 1, as well as an air drag perturbation and perturbation terms
accounting for the gravitational effects of the sun and moon. The
orbital parameters of the LEO orbits are listed in Table 2. Note that
during the simulation the LEO orbiters with the GPS receivers
complete more than a half orbit, whereas the GPS satellites move
less.

Both the positions of the GPS satellites and of the satellites with
the GPS receivers were simulated at a 2 Hz rate. To test our
algorithms, simulated GPS measurement sequences are constructed

T“International GNSS Service” [Retrieved 01 March 2000], http:/
igscb.jpl.nasa.gov/.

Table 1 Gravitational coefficients used in computing LEO orbits

Coefficient Value Coefficient Value

J, 0.1082625 x 10? J3 —2.532600 x 10~°
Cy 0 So1 0

Cy 1.5747 x 10°° S —0.9024 x 10~°
Cy 2.1908 x 10° Sa1 —0.2709 x 10~°
Cs, 0.3097 x 10~ S3 —0.2212 x 107°
Cy3 0.1001 x 10~ Sx3 0.1973 x 107°

Table 2 Orbit parameters of LEO satellites

Parameters Value
Semimajor axis, km 7054.1874
Eccentricity 0.0005414
Inclination, deg 98.130
R. A. of ascending node, deg 81.107
Argument of perigee, deg 270.357
Mean anomaly 179.839

using two different measurement noise standard deviations (i.e., for
both L, and L,, the standard deviations for carrier-phase noise are
3 cm for one experiment and 0.3 cm for the second, and the standard
deviations for C/A code noise are 3 m for one experiment and 30 cm
for the second). Atmospheric distortions were added to the simulated
measurements to simulate real-world conditions. Although no
tropospheric distortion was added (the LEO orbits are above the
troposphere), ionospheric distortion based on the Klobuchar model
was imposed on the measurements [31]. During the simulation, the
total electron count experienced by the GPS signals varied between a
minimum of 4 x 10'® and a maximum of 1.6 x 10'7. Depending
upon the parameters of each individual simulation run, measurement
noise was added to the measurements to create simulated GPS
signals.

Using these simulated GPS measurement sequences, we
attempted to resolve the wide-lane integer ambiguities first and
then, we find L, integer ambiguities using the resolved wide-lane
integer ambiguities. Using double-differenced L, carrier-phase
measurements in the UKF, the relative positions are estimated. These
relative positioning estimates are compared with exact values.

B. Integer Ambiguity Resolution Test Results

When mutually observed satellites would drop into or out of view
during a Wald test, the set of hypotheses for the integer ambiguities
would change. This additional dynamic made it harder to compare
the speed and effectiveness of the ambiguity resolution methods,
depending on exactly when during a test the dropouts would occur.
Fortunately, there was a sequence of 775 consecutive GPS
measurement epochs within the simulated data sequence that had no
changes in the GPS satellites that were mutually observed by both
receivers. Our integer resolution tests were based on the simulation
data from within this interval.

This satellite simulation data sequence was then broken into
sequential testing periods, each testing period beginning one
measurement epoch after its predecessor and ending one
measurement epoch later. To illustrate this, consider the following:
If we were reasonably sure that a floating-point valued estimate of the
double-differenced wide-lane carrier-phase ambiguity could be
generated within 50 epochs, and if we were also reasonably sure that
a Wald test could determine the wide-lane integer ambiguities from a
set of integer hypotheses created using the LAMBDA method
applied to the float estimate within 50 epochs, then we would make
each testing period 100 epochs long for the wide-lane ambiguity
resolving process. After we are assured that the wide-lane
ambiguities are resolved correctly, we begin searching for the L,
ambiguities. Because L; float estimates from the wide-lane
ambiguity are much more precise than the original wide-lane float
estimates, only 5 epochs of an averaging period produces a small
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Table 3 Integer resolution results (100 Monte Carlo trials)

Measured noise Measured frequency  Avg. no. hypotheses Avg. convergence time No. wrong convergences

3m,03m wide-lane 3250
3m,03m L, 68
30 cm, 0.3 cm wide-lane 3250
30 cm, 0.3 cm L, 40

130.3 s*
252s
239 st

0
0
0
2.7 sec. 0

“Includes 50 s of float estimation and mean duration of Wald test at 2 Hz sample rate.
“Includes 5 s of float estimation and mean duration of Wald test at 2 Hz sample rate.

number of hypotheses from the LAMBDA method, and the Wald test
converges to correct L; ambiguities in around 6 epochs. In the first
testing period, the simulated receiver positions between epoch 1 and
epoch 155 would be used to generate a sequence of exact ranges from
the GPS satellites to the receivers. For the second testing period, the
simulated receiver positions between epoch 2 and epoch 156 would
be used to generate a sequence of exact ranges from the GPS satellites
to the receivers, and so forth. In this way, we could create short
sequences of simulated ranges that traversed the possible positions
generated in the same satellite simulation.

For each testing period, the challenge was to successfully
determine the correct integers to within a given probability threshold
using the filtering algorithm from Sec. IV and the Wald test algorithm
from Sec. V. To simulate GPS measurements, the exact ranges
between the GPS receivers and the GPS satellites in the satellite
constellation simulation were corrupted by adding random biases at
each receiver (to simulate the random receiver clock biases cAt; and
cAt,) and zero-mean pseudorandom sequences (to simulate the
effects of the noise sequences {n\”’(k)} and {n')(k)}. From the
sequences of true range, ionospheric distortion, measurement noise,
and clock biases provided by the simulation, we generated six
simulated measurement sequences. Two of these sequences
represented the C/A code pseudoranges at both receivers. Two
more simulated the carrier-phase measurement at the L, frequency
[32]. The last two represented the carrier-phase measurements at the
L, frequency [32].

We simulate both L, and L, carrier-phase measurements to
construct the wide-lane carrier-phase measurements [33]. Recall that
the ratio of the wide-lane wavelength to the noise level of a wide-lane
measurement is smaller than the corresponding ratio for single-
frequency measurements. Although this fact along with the effective
increase in the wavelength allows wide-lane integer ambiguities to
be resolved more easily than single-frequency integer ambiguities,
the long wavelength and amplified errors due to combining the two
frequencies corrupts the positioning accuracy. Therefore, we
propose the following two-step integer search process: first, resolve
the wide-lane integers and then use them to resolve the L; integer
ambiguities.

The process of integer resolution for each simulation run began by
generating crude estimates of the positions of the receivers and of the
clock biases using universally convergent techniques applied to the
C/A code measurements of the first three simulated epochs [6,10,12].
Estimates of the velocities of the receivers and of the clock bias drift
rates were then constructed by taking a central difference of the initial
position estimates of the receivers. An alternate approach might be to
use Doppler shift measurements in a pointlike solution for the
velocity components and the clock frequency errors. The estimates of
the carrier-phase ambiguities were initialized to values of

/3(2[) — ﬁﬁi))/AWL — (¢~)§[) — (j;(zi)), i=1,2,...,m. Because these
initial estimates of the carrier-phase ambiguities were very crude,
they were each assigned an initial error covariance of 10'2.

Having thus constructed an initial state estimate, the measure-
ments were then processed using a square-root version of the
unscented Kalman filter described in Sec. IV.C for a set period that
was experimentally determined to be long enough for the candidate
set produced by the LAMBDA method to be sufficiently small (Iess
than 8,000 candidate vectors on average) [28]. Then, the resulting
floating-point estimate X was processed to determine the integer
ambiguity. The value of the first carrier-phase ambiguity estimate

)] .
N~ was then subtracted from every element of the carrier-phase

ambiguity vector N to generate a (m — 1) x 1 vector corresponding
to the double-differenced carrier-phase ambiguities:

~ 22 2(1) 23 2 (1 2 (m 2 (1
Né[N()—N(),N()—N(),-u,N()—N()]T (45)

By applying the LAMBDA method to N and its variance, we then
generated a set of integer ambiguity candidates that were processed
using the Wald test algorithm described in Sec. V to determine the
integer ambiguities. Note that once the Wald test algorithm had
begun, the UKF that estimates the floating-point solution had to
continue running at every measurement epoch, because the geometry
of the satellite formation (and thus the values of the measurement
residuals) can change significantly during the time that it takes to
resolve the integers.

In Table 3, the results are summarized for several experiments in
resolving the wide-lane and L, integers under varying amounts of
simulated measurement noise, and list the number of simulations in
each Monte Carlo. Although Table 3 lists the values of the simulated
measurement noise, these values do not include the effects of the
ionospheric biases. This may explain why the wide-lane cases have
similar convergence. To account for the additional uncertainty
imposed by the ionospheric biases, the assumed noise levels for the
measurements (not the actual noise levels of the measurements) were
tripled when the Wald tests were conducted. We can also see from
Table 3 that for every sample in the Monte Carlo, the Wald test
always resolved the correct integer ambiguity for both wide lane and
L.

Figures 1 and 2 demonstrate how the probabilities {F;} evolve in
the course of resolving the wide-lane integer ambiguity for a single
simulation (in this particular simulation, there were 3556 candidate
hypotheses that had a Chi-squared cost below 5000). It is clear from
these figures that the probabilities {F;} do not evolve in a monotonic
fashion. This is entirely understandable, because otherwise an
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Fig. 1 Comparison of the converging time between different residuals.
(includes 25 s of float estimation).
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Fig. 2 Most probable hypothesis index number vs time.

increase in the probability of a wrong hypothesis due to an excursion
of a few data samples could never be corrected.

C. Estimation Results

We then evaluated the effectiveness of our estimation methods
using the full 3600 s long set of simulated GPS satellite and GPS
receiver positions. We began by creating sequences of clock biases
{cAt;} and {cAt,} as normally distributed zero-mean random
variables with a standard deviation of 10° m. The clock bias
sequences were then added to the sequence of true ranges to create
simulated GPS pseudomeasurements. At this stage, we assumed that
the integer biases {N®¥}, i=2,3,...,m had been correctly
determined by our integer resolution technique. At each time sample,
zero-mean pseudorandom noise was added to the simulated
pseudoranges, in the same way as described in the preceding section.
It is assumed that the noise sequences n; and n,; were zero-mean,
independent, identically distributed random variables whose
standard deviations are o; and o, respectively, for each
measurement. Once the double-differenced ambiguities for the
wide-lane and L, are resolved, the ionospheric delay error can be
mitigated by considering double-differenced measurements between
GPS satellites from Eq. (7) for L, and L, carrier-phase frequencies as

J-Li

3 (VOB + VANG, ) = V5 + VALY, + Vi,

i=12,...m—1, j=12 k=12

where VA is a double-difference operation, and V§p is the double-
differenced carrier phase measurements, N, =N, — Ny,
Iy, =1;,(f1/f3). By combining the L, and L, carrier-phase
measurements, the ionospheric delay error observable can be
estimated from

Table 4 Estimation results: GPS C/A code noise has 3 m standard
deviation, GPS L, and L, carrier noises each have 3 cm standard
deviation

Ambiguity RMS eror, cm

used

Mean eror, cm
Radial  Along Cross  Radial  Along Cross

Wide-lane? 32.58 43.35 21.02 11.05 -3.716  -3.824
Float L# 8.048 19.49 5.80 3.684 -6.951  -4.915
Integer L,*¢ 4.036 7.193 2757 -6.128  -0.882 0.620
Wide-lane? 4.578 2.322 1.609 12.43 -0.323  -1.516
Float L,® 8.294 1490  5.620 2.953 1.896 1.282
Integer L, "¢ 0.835 2,112 0951 0.318 -0.382  -0.109

23'm, 0.3 mnoise 3 cm, 0.3 cm noise  “Ionosphere delay error corrected

2 - ~ ~
(1 + }i;)li” ~ 0B, — M%) 4 ANy — (R — AaNy)
2

This estimate is used in Eq. (7) to remove the ionospheric delay error.
Then, the relative position estimates are determined from the UKF
using the enhanced double-differenced L, carrier-phase measure-
ments. The positioning results are compared to the known relative
positions at every measurement epoch of the simulation. Note that
these nonlinear measurements are used directly in the UKF and not
linearized. The results of positioning from the L, frequency
measurement equation are tabulated in Table 4.

VII. Conclusions

We have demonstrated techniques for accurately estimating the
relative positions of two widely separated satellites in Earth orbit
using differential carrier-phase GPS. These included a representation
of the GPS measurement equations that restricted geometric
nonlinearities to a one-dimensional subspace and a universal
linearization in the remaining m — 1 dimensional subspace for both
code and differential carrier-phase measurements, a UKF that
generated accurate float estimates of the carrier-phase ambiguities,
and a sequential hypothesis test that resolves the integer ambiguities
in minimum time. Once the double-differenced wide-lane integers
are resolved, the double-differenced L; integers are resolved
allowing the L carrier-phase measurements to be used in the UKF to
produce accurate differential position estimates.
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